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Abstract
A representation theory of finite electromagnetic beams in free space is formulated by factorizing
the field vector of the plane-wave component into a 3×2 mapping matrix and a 2-component Jones-
like vector. The mapping matrix has one degree of freedom that can be described by the azimuthal
angle of a fixed unit vector with respect to the wave vector. This degree of freedom allows us
to find out such a beam solution in which every plane-wave component is specified by the same
fixed unit vector I and has the same normalized Jones-like vector. The angle θI between the fixed
unit vector and the propagation axis acts as a parameter that describes the vectorial property
of the beam. The impact of θI is investigated on a beam of angular-spectrum field scalar that is
independent of the azimuthal angle. The field vector in position space is calculated in the first-order
approximation under the paraxial condition. A transverse effect is found that a beam of elliptically-
polarized angular spectrum is displaced from the center in the direction that is perpendicular to the
plane formed by the fixed unit vector and the propagation axis. The expression of the transverse
displacement is obtained. Its paraxial approximation is also given.
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I. INTRODUCTION
The representation formalism and propagation characteristics of an electromagnetic beam
in free space has drawn much attention [1–12] after the advent of masers and lasers [13–15].
It was shown [1] that a linearly polarized beam solution is not compatible with the Maxwell
equations, because it does not satisfy the transversality condition. It was also shown [2]
that the state of polarization is not a global property of a finite beam. Rather it is local
and changes on propagation. In an attempt to describe the vectorial property of a beam,
a unit vector was once introduced and was first supposed [2, 3] to be perpendicular to the
propagation axis. Later on, it was further pointed out [4, 5] that the unit vector can also
be parallel to the propagation axis. Under the paraxial condition, the beam in the former
case is uniformly polarized, and the beam in the latter case is now known as the cylindrical
vector beam [12, 16]. The conversion from uniformly polarized beams to cylindrical vector
beams has been experimentally realized [16–20].
Recently, there appeared a controversy [21–23] over the physical properties of the light
beams that were proposed to investigate the Imbert-Fedorov effect, a transverse displacement
of a reflected [24–28] or a transmitted [27–31] beam taking place at a dielectric interface.
On the one hand, Onoda et. al. [21] disagreed with Bliokh and Bliokh [22] on their incident
beam. On the other hand, Bliokh and Bliokh [23] found that the physical properties of
Onoda’s incident beam [21] depend on the “incidence angle”. Such a controversy concerns
in fact the description of the vectorial property of a finite beam.
In this paper, I will show that the vectorial property of a finite beam can be described
by a parameter, the angle between a unit vector and the propagation axis. This is achieved
by factorizing the field vector of a plane wave into a 3× 2 mapping matrix (MM) and a 2-
component Jones-like vector [12, 32, 33] and investigating the degree of freedom of the MM.
It is shown in Section II that the MM can not be determined uniquely by the transversality
condition. It has one degree of freedom. The degree of freedom can be represented by the
azimuthal angle of a fixed unit vector with respect to the wave vector. The idea of MM
is generalized in Section III to a finite beam. For an arbitrary electromagnetic beam, each
plane wave component may have its own MM and Jones-like vector. But the degree of
freedom of the MM allows us to find out such a beam solution in which every plane wave
component is specified by the same fixed unit vector and has the same normalized Jones-like
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vector. In this case, the beam as a whole has its own MM, which maps the normalized
Jones-like vector to the field vector. The case of a transverse unit vector corresponds to the
representation formalism discussed in Refs. [2, 3], and the case of a longitudinal unit vector
corresponds to the representation formalism discussed in Refs. [4, 5]. The impact of the
angle between the unit vector and the propagation axis is investigated in Section IV. The
field vector in the first-order approximation under the paraxial condition is calculated for an
angular-spectrum field scalar that is independent of the azimuthal angle. The controversy
over the incident beams of Refs. [21] and [22] is resolved. A transverse effect is also found
that a beam of elliptically polarized angular spectrum is displaced from the center in the
direction that is perpendicular to the plane formed by the unit vector and the propagation
axis. The origin of this effect is discussed. Conclusions and remarks are given in Section V.
II. DEGREE OF FREEDOM OF THE MAPPING MATRIX
A. Mapping matrix and the existence of one degree of freedom
In a source-free position space, the electric-field vector F(x) of a monochromatic finite
electromagnetic beam satisfies the transversality condition,
∇ · F(x) = 0. (1)
The plane-wave angular-spectrum expression of the field vector, varying according to
exp(−iωt) with the time, can be written as
F(x) =
1
2pi
∫ ∫
k2x+k
2
y≤k
2
f(kx, ky) exp(ik · x)dkxdky, (2)
where k = kxex + kyey + kzez ≡


kx
ky
kz

 is the wave vector satisfying k2x + k2y + k2z = k2,
f =


fx
fy
fz

 is the electric-field vector of the angular spectrum, and ej (j = x, y, z) is the unit
vector of the j-axis. According to the transversality condition (1), f has only two mutually
orthogonal polarization states, each of them being orthogonal to k. Denoting respectively
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by p and s the two orthogonal linearly-polarized states, we can decompose f as
f = fp + fs = fpp+ fss, (3)
where fp and fs are respectively the p- and s-polarized complex amplitudes constituting a
2-component Jones-like vector [12, 32, 33]
f˜ ≡

 fp
fs

 , (4)
p and s are respectively the p- and s-polarized unit vectors. To be clear, we assume in this
paper that both p and s are real unit vectors. We can always do this as one may see from
Eq. (3). They satisfy 
 p · k = 0,s · k = 0, (5)
as well as 

p · p = 1,
s · s = 1,
p · s = 0.
(6)
Eq. (3) means that the 3-component field vector is an element of a 2D space, rather than
an element of a 3D space. Since the space of 2-component Jones-like vectors is a 2D space,
Eq. (3) defines in fact a mapping from the Jones-like-vector space to the 3-component 2D
space. In order to describe this mapping, we change the form of Eq. (3) into
f = mf˜, (7)
where
m =


px sx
py sy
pz sz

 (8)
is the 3× 2 MM.
Any MM, the column vectors of which satisfy Eqs. (5) and (6), guarantees that the field
vector f given by Eq. (7) satisfies the transversality condition whatever the Jones-like vector
f˜ may be. But there are only five equations to determine the six unknown elements of the
MM. This shows that after the transversality condition is taken into account, the MM still
has one degree of freedom. That is to say, the transversality condition itself is not sufficient
to determine an electromagnetic wave from a given Jones-like vector.
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B. Description of the degree of freedom and its unique role
It is well known [2, 5, 13, 21] that if the unit vectors p and s are defined from the wave
vector k in terms of an arbitrary fixed real unit vector I as
 p = s×
k
k
,
s = k×I
|k×I|
,
(9)
then they satisfy Eqs. (5) and (6). One might conclude that the degree of freedom is the
unit vector I. This is obviously not true, because we need two independent variables to
determine the orientation of a real unit vector in a 3D space. But we can indeed use the
real unit vector I to denote the degree of freedom somehow. To show this, let us look at
a particular wave vector k and the unit vectors p and s that are defined by Eqs. (9) in
terms of a fixed unit vector I as is schematically depicted in Fig. 1. It can be seen from this
figure that the rotation of I around k by changing the azimuthal angle Θ of I with respect
to k alters the orientation of p and s. On the other hand, the rotation of I around s by
changing the polar angle Φ of I with respect to k does not alter the orientation of p and
s. So it is the azimuthal angle Θ that plays the role of the degree of freedom and uniquely
determines the MM. For a particular wave vector, different values of Θ represent different
mapping matrices, and vice versa. The rotation of I around s forms a group G(Θ) that
corresponds to one single value of the degree of freedom.
FIG. 1: (Color online) The degree of freedom of the MM is denoted by the azimuthal angle Θ of I
with respect to k.
Based on the above description of the MM’s degree of freedom, it is concluded that
different mapping matrices map a given Jones-like vector to different field vectors.
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III. REPRESENTATION FORMALISM FOR A FINITE BEAM
On factorizing the field vector of a plane wave into the MM and the Jones-like vector,
we have identified one degree of freedom of the MM and shown that it can be described by
the azimuthal angle of a fixed unit vector with respect to the wave vector. But we have
not made any requirements on the Jones-like vector. A finite beam consists of an infinite
number of plane waves. For an arbitrary beam, each plane-wave component may have its
own MM and Jones-like vector. But the degree of freedom of the MM allows us to find
out such a kind of beams in which every plane-wave component is specified by the same
fixed unit vector and have the same normalized Jones-like vector. In the following I will put
forward the representation formalism of those beams.
Assume that the fixed unit vector I that is common to all the plane-wave components
lies in the plane zox and makes an angle θI with the z-axis, the propagation axis,
I(θI) = ez cos θI + ex sin θI , (10)
so that the MM of the plane-wave component takes the form of
m =
1
k|k× I|


(k2y + k
2
z) sin θI − kzkx cos θI kky cos θI
−ky(kz cos θI + kx sin θI) k(kz sin θI − kx cos θI)
(k2x + k
2
y) cos θI − kzkx sin θI −kky sin θI

 , (11)
where
|k× I| = [k2 − (kz cos θI + kx sin θI)
2]1/2. (12)
It should be noted that a given θI corresponds to the same value of the MM’s degree of
freedom for each of those wave vectors that also lie in the zox plane as was shown before in
Fig. 1. Such a feature of θI will produce a very interesting transverse effect as will be shown
in Section IV.
As discussed before, the field vector f of the angular spectrum is factorized by Eq. (7)
into the MM (11) and the Jones-like vector,
f˜ = α˜f, (13)
where α˜ =

 αp
αs

 is the normalized Jones-like vector describing the polarization state of the
angular spectrum, αp and αs are complex numbers satisfying the normalization condition,
|αp|
2 + |αs|
2 = 1, (14)
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and f is referred to as the field scalar of the angular spectrum. If α˜ is common to all the
plane-wave components, the electric-field vector (2) takes the following factorized form,
F(x) =M(x)α˜, (15)
where
M(x) =
1
2pi
∫ ∫
mf exp(ik · x)dkxdky (16)
is the MM for the beam, and the integration limit k2x + k
2
y ≤ k
2 is omitted for brevity.
Eq. (15) states that the field vector in position space is the result of the mapping of the
normalized Jones-like vector by the MM (16). Given a normalized Jones-like vector, altering
only θI that is involved in the MM (16) will change the vectorial property of the beam. That
is to say, θI behaves as a parameter that describes the vectorial property of the beam. It is
not necessarily equal to pi
2
[2, 3] nor equal to 0 [4, 5].
In a circular cylindrical system with the z-axis being the symmetry axis, the integral (16)
is changed into
M(x) =
1
2pi
∫ k
0
∫ 2pi
0
mf exp(ik · x)kρdkρdϕ, (17)
where x = r+zez, r = rer = exr cos φ+eyr sinφ, er and eφ are respectively the unit vectors
in the radial and azimuthal directions in position space; correspondingly, k = kρ + kzez,
kρ = kρeρ = kxex + kyey, kx = kρ cosϕ, ky = kρ sinϕ, kz = (k
2 − k2ρ)
1/2, eρ and eϕ are
respectively the unit vectors in the radial and azimuthal directions in wave-vector space.
IV. IMPACT OF ANGLE θI ON THE PROPERTIES OF A FINITE BEAM
Eq. (15) together with Eq. (17) in the circular cylindrical system is an exact beam
solution to the Maxwell equations in free space. It does not rely on the paraxial condition,
and the field scalar f = f(kρ, ϕ) can be any physically allowed function of kρ and ϕ. In
this section we are concerned with the impact of angle θI on the properties of a beam and
therefore consider only such a field scalar f = f(kρ) that is ϕ-independent, sharply peaked
at kρ = 0, and square-integrable. Furthermore, due to the relation I(θI + pi) = −I(θI), it is
enough to assume |θI | ≤
pi
2
. In the following, the θI will be confined to this interval.
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A. Field vector distribution in the first-order approximation
A sharply peaked field scalar f(kρ) around kρ = 0 means that the half divergence angle
∆θ of the beam satisfies
∆θ ≪
1
2pi
. (18)
Upon considering integral (17), kρ
k
in the MM can be regarded as a small number in compar-
ison with unity. So the elements of the MM can be expanded as a power series in kρ
k
. When
θI is either equal to
pi
2
[1] or to 0 [12], the lowest correction to the zeroth-order transverse
component is a second-order term [34]. In this subsection, I will show that when θI satisfies
∆θ ≪ |θI | ≤
pi
2
, (19)
the transverse component will have a θI-dependent first-order correction.
We rewrite Eq. (12) as
|k× I| = |kz sin θI |
(
1− 2
kx
kz
cot θI +
k2x cos
2 θI + k
2
y
k2z sin
2 θI
)1/2
.
The condition (19) guarantees that the second and the third parts in the second factor are
the first-order and the second-order terms in comparison with the first part. As a result, in
the first-order approximation, we have for the MM,
m ≈ m0 +m1, (20)
where
m0 = sgn(θI)


1 0
0 1
0 0


is the zeroth-order term,
m1 = sgn(θI)


0 cot θI sinϕ
− cot θI sinϕ 0
− cosϕ − sinϕ

 kρk
is the first-order correction, and sgn is the sign function. Substituting Eq. (20) into Eqs.
(15) and (17) yields the field vector,
F(x) ≈ F
(0)
T (x) + F
(1)
T (x) + F
(1)
L (x), (21)
8
where
F
(0)
T (x) = m0α˜F0(r, z) (22)
is the zeroth-order term that is transverse and uniformly polarized,
F
(1)
T (x) = isgn(θI)(αsex − αpey)
y
r
F1(r, z) cot θI (23)
is the first-order correction to the transverse component which is also uniformly polarized
but is θI-dependent,
F
(1)
L (x) = −isgn(θI)ez
αpx+ αsy
r
F1(r, z) ≡ F
(1)
L ez (24)
is the longitudinal component,
F0(r, z) =
∫ k
0
f(kρ) exp(ikzz)J0(rkρ)kρdkρ,
and
F1(r, z) =
∫ k
0
kρ
k
f(kρ) exp(ikzz)J1(rkρ)kρdkρ.
In deriving Eq. (21), I have made use of the following expansion,
exp(iρ cosψ) =
∞∑
m=−∞
imJm(ρ) exp(imψ), (25)
where Jm’s are the Bessel functions of the first kind.
It is noticed that the polarization state of the first-order transverse term is different from
that of the zeroth-order transverse term. As a matter of fact, they are orthogonal to each
other. Combining Eqs. (22) and (23) together, we get the transverse component of the
electric-field vector,
FT (x) = sgn(θI)
[
(αpF0 + iαs
y
r
F1 cot θI)ex + (αsF0 − iαp
y
r
F1 cot θI)ey
]
. (26)
This shows that the transverse component of the beam is not in general uniformly polarized.
The local polarization state is dependent on the value of θI .
When |θI | =
pi
2
, the first-order correction to the transverse component vanishes, F
(1)
T (x) =
0. In this case the zeroth-order term of the transverse component is the field vector of
uniformly-polarized beams, the polarization state being the same as that of the angular
spectrum, α˜. It satisfies, together with the first-order longitudinal component (24), the
approximate transversality condition [1],
∇T · F
(0)
T + ikF
(1)
L = 0, (27)
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where ∇T = ex
∂
∂x
+ ey
∂
∂y
.
Defining mc =
αs
αp
and choosing αp = −
1
(1+|mc|2)1/2
by use of the normalization condition
(14), we find for the unit field vector of the angular spectrum,
f
|f |
= −sgn(θI)
(1 +mc
ky
k
cot θI)ex + (mc −
ky
k
cot θI)ey − (
kx
k
+mc
ky
k
)ez
(1 + |mc|2)1/2
. (28)
When θI = −θ with θ > 0, Eq. (28) turns into
f
|f |
=
(1−mc
ky
k
cot θ)ex + (mc +
ky
k
cot θ)ey − (
kx
k
+mc
ky
k
)ez
(1 + |mc|2)1/2
, (29)
which is the same as the equation (20) of Ref. [23] if θ is interpreted as the incidence angle.
This shows that the incident beam of Ref. [21] can be described in this representation
formalism as the first-order approximation of such a special beam the unit vector I of which
happens to make an angle of the minus incidence angle with the propagation axis and
happens to be normal to the interface. This is implied in Ref. [21] by the unit vector n that
plays the role of I and explains why the physical properties of the incident beam in Ref.
[21] depend on the “incidence angle” [23]. A similar incident beam was once proposed by
Schilling [29].
Furthermore, when θ = pi
2
, Eq. (29) reduces to
f
|f |
=
ex +mcey − (
kx
k
+mc
ky
k
)ez
(1 + |mc|2)1/2
. (30)
Upon noticing that mc =
fy
fx
in this case, Eq. (30) is exactly the same as the equation (22)
of Ref. [23]. This shows that the incident beam of Ref. [22] is nothing but the fundamental
Gaussian beam, as long as the first-order longitudinal component is taken into account.
B. Transverse effect
Now we are ready to discuss a transverse effect. When |θI | is not equal to
pi
2
, the first-
order term of the transverse component does not vanish. Since this term is not axisymmetric
as is clearly shown by Eq. (23), its interference with the zeroth-order term renders the
intensity distribution deformed from the axisymmetry as can be seen from Eq. (26). A direct
consequence of this deformation is the following transverse effect: the barycenter of a beam
of elliptically polarized angular spectrum is displaced from the center in the transverse y-
direction; the displacement is dependent on the value of θI and on the polarization ellipticity
of the angular spectrum.
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To show this, let us define the y-position yb of the beam’s barycenter as the expectation
of the y-coordinate of the beam,
yb = 〈y〉 =
∫ ∫
F†yFdxdy∫ ∫
F†Fdxdy
, (31)
where superscript † stands for the conjugate transpose. According to Eq. (2), we have∫ ∫
F†yFdxdy =
∫ ∫
(if †
∂f
∂ky
+ z
ky
kz
f †f)dkxdky
and ∫ ∫
F†Fdxdy =
∫ ∫
f †fdkxdky.
Furthermore, Eqs. (7) and (13) tell us that
f †f = |f |2
and
f †
∂f
∂ky
= f ∗
∂f
∂ky
+ α˜†mT
∂m
∂ky
α˜|f |2.
Substituting all these into Eq. (31) and noticing that f is an even function of ky, we obtain
yb = i
∫ ∫
α˜†mT ∂m
∂ky
α˜|f |2dkxdky∫ ∫
|f |2dkxdky
, (32)
which shows that the y-position of the beam’s barycenter is independent of z. Substituting
Eq. (11) and α˜, we get
yb = −
σ cot θI
2
∫ k
0
|f(kρ)|2kρdkρ
∫ k
0
(
1 +
kz − k cos θI
|kz − k cos θI |
)
|f(kρ)|
2
kz
kρdkρ, (33)
where σ = −i(α∗pαs − αpα
∗
s) is the polarization ellipticity of the angular spectrum. It
is emphasized that this expression has a validity that does not depend on the paraxial
condition (18) and large angle condition (19). It is inferred from the expression that
(1) the beam is indeed displaced a distance transversely from the center, because yb does
not change on propagation;
(2) the opposite ellipticity σ corresponds to the opposite displacement for a given θI ;
(3) the opposite angle θI corresponds to the opposite displacement for a given σ.
Let us now discuss the dependence of the transverse displacement on the angle θI . If
|θI | =
pi
2
, the first factor cot θI of Eq. (33) tells us that the displacement is equal to zero.
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This is the case that corresponds to the uniformly polarized beams (22) in the zeroth-order
approximation. If θI = 0, the second term in the integrand cancels the first one, also
resulting in zero displacement. In fact, this case corresponds to the cylindrical vector beams
which are axially symmetric in both polarization and intensity distribution [12]. For a θI
that is neither equal to pi
2
nor equal to 0, Eq. (33) is rewritten as
yb = −
σ cot θI
2
∫ k
0
|f |2kρdkρ
(∫ k
0
|f |2
kz
kρdkρ +
∫ k sin |θI |
0
|f |2
kz
kρdkρ −
∫ k
k sin |θI |
|f |2
kz
kρdkρ
)
. (34)
If |θI | ≫ ∆θ, the third integral is much smaller than the second one, remembering that
f(kρ) is a sharply peaked function about kρ = 0. As a result, the transverse displacement
in this case becomes
yb ≈ −
σ cot θI∫ k
0
|f |2kρdkρ
∫ k
0
|f |2
kz
kρdkρ.
Under the paraxial condition which means kz ≈ k for the denominator of the integrand in
the first-order approximation with respect to kρ
k
, it reduces to
yb ≈ −
σ
k
cot θI . (35)
Due to the factor cot θI in Eq. (34), the smaller |θI | goes, the larger the magnitude of the
displacement becomes until the following relation establishes,
∫ k sin |θI |
0
|f |2
kz
kρdkρ =
∫ k
k sin |θI |
|f |2
kz
kρdkρ. (36)
At this point, the third integral of Eq. (34) cancels the second one, and the displacement
takes the form of
yb = −
σ cot θI0
2
∫ k
0
|f |2kρdkρ
∫ k
0
|f |2
kz
kρdkρ, (37)
where θI0 is the solution to Eq. (36). Similarly it reduces to, under the paraxial condition,
yb ≈ −
σ cot θI0
2k
.
If |θI | goes even smaller, the third integral outstrips the second one in magnitude, and the
displacement becomes smaller in magnitude until θI = 0 when the displacement is equal to
zero. It is thus expected that Eq. (37) represents the maximum displacement if only the
change of θI is considered. Roughly speaking, the value of |θI0| that satisfies Eq. (36) is
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approximately equal to the half divergence angle of the beam, |θI0| ∼ ∆θ =
1
kw0
, where w0
is the half width of the beam. For a paraxial beam in which ∆θ is very small, the maximum
transverse displacement can be as large as the order of w0 [35], |yb| ≈
w0
2
, for circularly
polarized angular spectra σ = ±1.
It is interesting to note that Schilling [29] once found the transverse displacement more
than 40 years ago for an incident beam the unit field vector of which can be described by
Eq. (29). Recently, Bliokh and Bliokh [23] rediscovered Schilling’s result when comparing
the incident beams of Refs. [21] and [22].
V. CONCLUSIONS AND REMARKS
In conclusion, I factorized in Eq. (7) the field vector of a beam’s angular spectrum into
the MM and the Jones-like vector and showed that the degree of freedom of the MM can
be described by the azimuthal angle of a fixed unit vector with respect to the wave vector.
This degree of freedom provides us with such a beam solution in which every plane-wave
component is specified by the same fixed unit vector I and has the same normalized Jones-
like vector α˜. The integral representation for the MM of a beam’s field vector was formulated
in Eq. (16) [or (17) in the circular cylindrical system] by letting the unit vector lie in the
plane zox and make an angle θI with the z-axis.
The impact of the angle θI was discussed on the vectorial property of a beam that has
a ϕ-independent field scalar f(kρ). The electric-field vector (21) was obtained in the first-
order approximation under the paraxial condition (18) for large |θI | that satisfies Eq. (19).
It was shown that the transverse component has a θI -dependent first-order correction. This
is different from the cases of |θI | =
pi
2
and θI = 0 in which the lowest correction to the zeroth-
order transverse component is a second-order term. A transverse effect was found and the
dependence of the transverse displacement on θI was discussed. The paraxial approximation
of the transverse displacement was also given. In a word, the angle θI in the representation
formalism advanced here plays the role of a parameter that describes the vectorial property
of the beam.
A physically allowed field scalar f(kρ, ϕ) in Eq. (17) can be expanded as a Fourier series,
f(kρ, ϕ) =
∞∑
l=−∞
fl(kρ) exp(ilϕ). (38)
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One may consider the constituent term of the following form,
f(kρ, ϕ) = fl(kρ) exp(ilϕ), (39)
and discuss the impact of angle θI on the resultant beam. It is expected that when θI = ±
pi
2
,
Eq. (39) together with Eqs. (15) and (17) will yield the eigen beam of the orbital angular
momentum [36] in the zeroth-order approximation.
According to the triad relation expressed by the first equation of (9) and the principle of
duality in free space [4], I would like to point out that the following 3× 2 matrix
mM =


sx −px
sy −py
sz −pz

 (40)
can be regarded as the MM for the magnetic-field vector, which maps a Jones-like vector to
the 3-component magnetic-field vector for a particular wave vector.
The representation formalism of finite electromagnetic beams developed in this paper
depends closely on the MM and its degree of freedom. It is worth noting that in this
representation formalism, the Jones-like vector does not depend on the MM’s degree of
freedom. Therefore one Jones-like vector can be mapped to an infinite number of field
vectors due to the MM’s degree of freedom, as can be seen from Eq. (7) as well as Eq. (15).
The physical significance of the MM’s degree of freedom needs further investigation.
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